A new approach to the two-time Green function method is proposed. In order to give a systematic way of decoupling the two-time Gr~en functions and to overcome the difficulties often encountered in terminating the hierarchy of Green functions, a generating function is introduced and its properties are examined in detail for a simple model. It is shown that the generating function provides powerful tool even in the case where conventional approximation for Green functions does not work. An example of the generating function is constructed for Fermion system with two-body interaction. §I. Introduction
§I. Introduction
The two-time Green function initiated by Bogolyubov and TyablikovD has been used for the studies of equilibrium as well as non-equilibrium properties of many body system in statistical physics. The methcd of the two-time Green function has indeed its own distinguished merits. One may cite for instances: (1) The two-time Green functions provide us with sufficient informations about many body systems. For example, equilibrium average of any physical observables, or time dependent response of a system to external disturtances can be always expressed in terms of a set of the two-time Green functions suitably chosen. (2) There exists a general "spectrum theorem '' 2 ) which connects a two-time Green function with the statistical average of associated quantities. Owing to this theorem, if one terminates the hierarchy of Green functions by decoupling higher order functions at certain stage, a set of self-consistently linearized equations may be easily obtained. This linearization procedure is of quite general nature, applicable to any system. It is recently recognized, however, that these merits are partly spoiled by other shortcomings inherent to the method, such as, for instance, ambiguity involved in decoupling or terminating the hierarchy of the functions; and more systematic investigation of the method of approximation is highly desired in order that the two-time Green functions may be regarded as an all-powerful tool in statistical physics. As a sample which illustrates this situation, one may refer to the recent papers on the Green function theory of magnetic relaxation by Tomita et al.
the two-time Green function is not always convenient means for spin system because (i) there is no unique method of decoupling and final results depend delicately on the approximation adopted, and (ii) it is not permissible to terminate the. hierarchy of functions at lower order stage for certain cases. The Gaussian limit of magnetic resonance never results so long as one terminates the hierarchy at finite order. Thus it seems quite important to find out some principle of decoupling and also a method to approximate the whole hierarchy.
The aim of the present paper is to suggest a new approach to this problem: viz., the systematization of approximation method for the two-time Green functions. In §2 we take up a simple model and apply the conventional technique of the two-time Green function method to this system, pointing out the difficulties usually encountered. To remedy the difficulties, a generating function is introduced in §3. It is shown in §4 that new method of generating function enables one to have reasonable results even in the case where the termination of the hierarchy at finite stage is not allowed. As an extension to a more general case, the generating function for a Fermion system with two-body interaction is discussed in the last section. §2. A simple model
In order to explain the problem as clearly as possible, we consider a very simple model in which an electron having energy mo interacts with a number of harmonic oscillators. Let 
represents time varying potential for the electron, which gives nse to the broadening of the energy level m 0 • From physical consideration, 4 ) one may classify the following two cases according as the magnitude of fluctuation of the potential (which is measured, say, by <B 2 ) ) is larger or smaller than the speed of fluctuation (which is measured, say, by w):
(ii) Fast modulation case:
It is expected that the energy level of the electron has Gaussian distribution around w 0 with a half width <B 2 ) 112 in the case (i) and very sharp distribution at w 0 in the case (ii).
To solve this problem within the framework of Green function, it is enough to evaluate the Fourier transform of one-electron Green function since the imaginary part of G(w) gives the state density of energy level. If we introduce a quantity defined by it is easily verified that a closed set of equations for a, B and C comes out as 
By making use of (5), one can readily set up the equation of motion for Green function. Thus ~he equation for G(w) becomes
The equations for higher order Green functions may be simplified by using notation
We shall write down only the leading few equations of the hierarchy:
and so on. The conventional procedure to solve these equations is to terminate the hierarchy at certain stage and to decouple the Green function of the highest order into lower order ones, so that a set of closed linear equations may be obtained. If we choose (9a), (9b), (9c) · ··· ·· as the terminal equation successively and decouple the highest Green function into a sum of lower Green functions in all possible ways, then we have a scheme of successive approxin1ation for G((J)) as shown in Table 1 . Table I . Successive approximation for G(w).
Decoupling of the matron tion at highest Green function
Without difficulty it is infered that in the n-th approximation G((J)) takes a form A polynomial in (1) of the (n -1) th order G((J)) = A polynomial in (1) of the n-th order Therefore the state density of the electron in this approximation 1s g1ven by
i=l This is an assembly of n a-functions, or an assembly of sharp spectrum at (J)i with a weight pi. It is apparent that we have to proceed with the approximation up to infinite order to obtain a Gaussian distribution which should hold in the limit w<v (13 archy of the Green functions at any finite order in the slow modulation limit, and hence the conventional Green function method is powerless in this case. §3. Introduction of generating function
To work out correct results even in the slow modulation limit within the framework of Green function method, it is better to introduce a generating function of the Green functions. Using two parameters ~ and YJ, we define a function (5) together with a commutation relation between B and e we can readily show that Gn.rn((j)) 's statisfy the recurrence formula of the form
where we have put (j)-(f) 0 =x. Multiplying both sides of (13) by ~n/n! YJ 71 '/m! and summing up over n and nz, we have
This is a partial differential equation for F(~YJ:X), which may be further simplified. Following Kubo, 5 ) let us define the cumulant average (enBm)c through the equation (15) and put 
If we combine (18) with (16) and (15), these three relations together form a general scheme of decoupling of the Green functions. To be more precise, if we expand both sides of (16) in power series of ~ and YJ, using the definitions (11), (15) and (18), and compare the coefficients of the same power of ~ and YJ in both sides, then we find out the relations which express Gnm(x)'s in terms of the cummulant averages and cumulant Green functions. For instances
These are essentially the same decoupling as that adopted in Table I . It is quite tedious work to perform actually the decoupling of higher order, but the generating function enables us to write down not only general terms of decoupled Green functions but also the equations satisfied with the cumulant Green functions, in systematic and automatic way. It sould be emphasized, however, that the decoupling scheme of the form (16) is by no means an exclusive choice. The choice (16) is only unique in the sense that it makes the equation for I(~YJ :x) simplest. Otherwise, there are infinitely many possibilities of decoupling, all of which are mathematically equivalent so long as no approximation is made. What is the best choice when some approximation is made? At present we have no definite answer to this question.
One suggestion is to choose (16) as the decoupling scheme and to solve I ( ~YJ: x) basing on physical approximation. In the next section we shall try to solve I approximately in the slow modification limit.
It is possible to evaluate exactly the function J(~YJ) defined by (15) in the present simple model. As is well known, an assembly of harmonic osecillators 
Let us focus our attention on the slow modulation limit, in which we may assume that 
We need a subsidiary condition to fix up /('if:x). Unfortunately the boundary value problem involved is not so simple as we im<::.gine, since we cannot utilize the initial condition
because this is what we want to calculate. Therefore it is better to go back to the original equations and to ask what kind of approximation we are going to make. Expanding /('if:X) in powers of 'if as (29) and putting this into (26), we have a set of equations of the following form:
This set of equations can be derived as well from the original hierarchy (9a, b, c, .... ) through the following procedures :
( i ) Ignore all the Green functions Gnm(x) with n=\=0, that 1s, the Green functions including the power of C.
( ii ) Discard the terms which are multi plied by w.
(iii) Express everything in terms of the cumulant quantities.
The recurrence equations (30) has· a solution expressed in a continued fraction:
A result equivalent to (31) has to be obtained from Eq. (26). To see this 1s
the case, we consider modified recurrence equations with an adjustable parameter ,1 in place of (30).
This is equivalent to take an equation
m place of (26). It is obvious from (32) and (33) that for the special value ,1= -1 we recover (30) and (26) respectively, and that in the limit of J~oo 
As is expected, the imaginary part of G(x) is a Gaussian distribution function with half width <B 2 )~1 2
• By the way, comparison between (31) and (38) yields an identity
which was anticipated by Tomita et al. 6 ) without rigorous proof. The model we have considered so far is so simple that the same results as above obtained are also deduced without referring to the two-time Green function method. For instance, it is not difficult to show that the Green function G((J)) may be expressed as ( 40) where (41) and
< .. ·)o= Tr[exp[ -{3(Ho+B)] ···]/1~[exp[ -{3(Ho+B)]]
This is· a familiar form in the statistical theory of relaxation phenomena, 4 ) and without difficulty one can verify the slow modulation limit (38) starting from (40). §5. Generating function for Fermion system
The method of generating function discussed so far can be easily extended to more general cases. In this section we shall construct the generating function of Green functions for a system of Fermi particles interacting with two-body potential.
Let the Hamiltonian of the system be
a(f) and a+ (J) are as before the annihilation and creation operators of Fermion in the state f, T(f) the single particle energy and ¢(/1/2!/2'//) the twobody interaction potential. The equations of motion for a (f) and a+ (f) are
Starting from the one-particle Green function
we can readily set up a chain of equations for higher order Green functions. It turns out that all the relevant Green function may be put in the form
and beside these Green functions there appear m the inhomogeneous terms a number of averages of the form (45) n= 1, 2, ....
We suppress throughout this section the energy parameter (l) in the Green functions and use a notation
Defining the n-th inhomogeneous term by
we give here only a general term in the hierarchy of Green functions:
n-1 j-1 -~~~¢(pqlUtU;)Gn(Un-1'"0J+1PUJ-1""0t+-l g -1···U1; /1·"/niUn)
j~lt~Jp,q n j-1
The averages given by ( 45) are related to the Green functions defined by ( 44) through the spectrum theorem:
In constructing the generating function, we must properly take into account the anti- In addition to these, we may supplement a relation due to the "spectrum theorem" ( 48). In terms of the generating functions, the relation ( 48) can be summarized into (64)
As in the case of simple model discussed in § §2-4 Eq. (60) provides us with a systematic and automatic way of decoupling the higher order Green functions. With the formalism developed in this paper, it is possible to give general discussions on various approximation methods for many Fermion system. We hope to come back m a future paper to this problem and the applications of the present method.
